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Abstract. We revisit the definition of the Maslov index of loops in coisotropic 
submanifolds tangent to the characteristic foliation of this submanifold. This 
Maslov index is given by the mean index of a certain symplcctic path which 
is a lift of the holonomy along the loop. We prove a Maslov index rigidity 
result for stable coisotropic submanifolds in a broad class of ambient symplectic 
manifolds. Furthermore, we establish a nearby existence theorem for the same 
class of ambient manifolds. 
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1. Introduction and Main Results 

1.1. Introduction. The main result of this paper is the Maslov index and symplec- 
tic area rigidity for coisotropic submanifolds in a broad class of ambient symplectic 
manifolds. In [Zi] and [Gi3], the Maslov index is defined for loops in coisotropic 
submanifolds which are tangent to the characteristic foliation of the coisotropic sub- 
manifold. The Maslov index of such a loop, x: W, is the (Conley-Zehnder) 
mean index A of a symplectic path which is a lift of the holonomy along the loop 
to the pull-back bundle x*TW. Although such a lift is not unique, the coisotropic 
Maslov index /i is well-defined. The Maslov index is a real valued index and it 
generalizes the usual Lagrangian Maslov index. 
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With this definition of the coisotropic Maslov index, we prove a resuh on the 
Maslov class rigidity. More specifically, given a closed displaceable stable coisotropic 
submanifold, we show that there exists a non-trivial loop lying in the submanifold 
with Maslov index bounded below by 1 and above by 2n + 1 — fc, where 2n is 
the dimension of the symplectic manifold and k the codimension of the coisotropic 
submanifold. Moreover, the result gives bounds on the symplectic area bounded 
by the loop; this area is positive and bounded above by the displacement energy 
of the coisotropic submanifold. This result was proved by Ginzburg in [Gi3] for 
ambient symplectic manifolds which are symplectically aspherical. The case where 
the characteristic foliation is a fibration is also considered in [Zi]. In this paper, we 
extend the result to certain rational manifolds which need not be symplectically 
aspherical. In the spherical case, the obtained loop may be trivial with non-trivial 
capping. Hence, in our theorem we state conditions on the ambient manifold for 
which this loop is non-trivial and has the referred bounds on the Maslov index and 
on the symplectic area. For instance, we have non-triviality and the desired bounds 
when the manifold is negative monotone. 

The Maslov class rigidity for Lagrangian submanifolds was originally studied by 
Viterbo in [Vi] for the Lagrangian torus and by Polterovich in [Pol, Po2], for ins- 
tance, for monotone Lagrangian submanifolds. These results show that the Maslov 
class satisfies certain restrictions. Namely, the minimal Maslov number lies between 
1 and n+l. Audin was the first to conjecture (as far as we know) that the minimal 
Maslov number is 2 for the Lagrangian torus; cf. [An]. Fukaya proved this conjec- 
ture in [Fu]. There are two methods to prove this type of results. One approach, 
introduced by Gromov (see [Gr]), uses holomorphic curves. This approach is the 
one used, for instance, by Audin and Polterovich (see also [ALP]). A different 
approach relies on Hamiltonian Floer homology and is found, for instance, in the 
work of Viterbo, Kerman and Sirikci; see also [Kcl, KS]. 

The proof of our result follows the method used by Ginzburg in [Gi.3] which is 
based on the second approach mentioned above together with the stability condition 
and certain lower bounds on the energy estimated by Bolle in [Bol, Bo2]. The proof 
also relies on a suitable action selector (introduced in [Kcl, KS]). 

Furthermore, we state a theorem (and outline its prove) of dense or nearby 
existence, that is, a theorem which guarantees the existence of periodic orbits for 
a dense set of energy levels. This result is presented in [Gi2] for symplectically 
aspherical manifolds and as mentioned there it can be viewed as a generalization of 
the existence of closed characteristics on stable hypersurfaces in M^", established 
in [HZ]. We state this nearby existence theorem for a broader class of rational 
symplectic manifolds. 

1.2. Coisotropic Maslov Index. Let (M^^",a;) be a symplectic manifold and 
]\^2n-k ^ closed coisotropic submanifold of W of codimension k. Then (TpM)'^ C TpM 
for each p G M and, denoting by wm the restriction of oj to M, we note that the 
distribution TM'^ := kerwM on M is integrable. By the Frobenius theorem, there 
is a foliation J-' (the characteristic foliation) on M whose tangent spaces are given 
by TM'^, i.e., = kerwM, and the rank of this foliation is k. 
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Consider a capped loop x — {x,u) tangent to TT and the holonomy along x 

There is a symplectic vector bundle decomposition of the restriction of TW to M: 

TW\j^j^ (TT (S T^M) ® T-L J- 

where we identify the normal bundle T^J- to J- in A/ with TMjTJ- and the normal 
bundle T^M to M in with TWjTM. Lift the holonomy along x to x*TW. The 
capping u gives rise to a symplectic trivialization of x*TW, unique up to homotopy, 
and hence this lift can be viewed as a symplectic path 

[0,1] -> Sp(2n). 

Following [Zi] (see also [Gi3]) we adopt 

Definition 1.1. The coisotropic Maslov index is defined (up to a sign) as the mean 
index of this path, i.e., 

H{x,u) :--A(*). 

This Maslov index is real valued (see Example 1.2) and is independent of the 
lift of the holonomy along x. However, in general, it depends on the trivialization 
arising from the capping u. We refer the reader to the appendix (section 5) for the 
definitions of the indices. The proof that this Maslov index is well-defined can be 
found in [Zi]. In the appendix, for the sake of completeness, we give a direct proof 
of this fact. 

Example 1.2. Consider the Hamiltonian defined in (C",a;o) by 

n 

H{z) :=l/2^AHz/|^ 

1=1 

with A; e E+ (where uiq is the standard symplectic form). The ellipsoid defined as 
the regular level set H~^{{1}) is a hypersurface (and hence a coisotropic submani- 
fold) of C". For each j = 1, . . . , n, the loop parameterized by 

7,(t) := (0,...,0,z,(t),0,...,0) 

where 

(with [zj l^ = 2/Aj and t e [0, 27r/Aj]) is a periodic orbit of the Hamiltonian system 
of H lying in H^^{{1}). A calculation shows that the Maslov index of the loop 
(7j,Uj) is given by 

2 " 

Ai(7j, Wj) = -A(7i, Wj) = T- XI 

^ 1=1 

where Uj is some capping of jj. In this case, the index is independent of the capping 
we use. 

To compute ^x{jj,Uj), we use ^'t = c'('y3if)7(o) the linearized flow along 7. The fo- 
liation T is formed by the integral curves of (p*jj. See section 2.2.1 for the description 
of the Maslov index when the loop is a periodic orbit of a Hamiltonian. 
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1.3. Rigidity of the Coisotropic Maslov Index (Main Theorem). In this 
section, we state and discuss the main theorem of this paper. 

Theorem 1.3. Let {W'^'^,uj) be a rational closed symplectic manifold, A'P"~'' C M^^' 
a closed stable displaceable coisotropic submanifold of W and J- its characteristic 
foliation. 

Assume that one of the following conditions is satisfied 

• W is negative monotone, 

• e{M) < h, where e(M) is the displacement energy of M and h is the ratio- 
nality constant of W, 

• 2n + 1 < 2N , where N is the minimal Chern number of W. 

Then, for all s > 0, there exists a capped loop 7 = (7, v) such that ^ is a non- 
trivial loop tangent to T and 



Remark 1.4. The condition that W is closed can be replaced in the theorem by geo- 
metrically bounded and wide. Recall that a symplectic manifold is said to be wide 
if it admits an arbitrarily large, compactly supported, autonomous Hamiltonian 
whose Hamiltonian flow has no non-trivial contractible periodic orbits of period 
less than or equal to one; see [Gii] for more details. The proof of the theorem in 
this case is essentially the same as when W is closed. 

Remark 1.5. In [Gi3], Ginzburg proves Theorem 1.3 when W is symplectically 
aspherical; see section 2.1 for the definition. 

Remark 1.6. The requirements that M is displaceable and stable are essential. For 
instance, a closed manifold M viewed as the zero section of its cotangent bundle 
T* M is not displaceable (cf. [Gr] ) and the Maslov index of a loop in M is always 
trivial since 7T2{T* M, M) = 0. Moreover, the assumption that M is stable cannot 
be entirely omitted: there exist Hamiltonian systems having no periodic orbits on 
a compact energy level which arise as counterexamples to the Seifert conjecture; 
cf. [Gil, GG2]. 

1.4. Acknowledgments. The author is grateful to Viktor Ginzburg for posing the 
problem and useful discussions and Fabian Ziltencr for valuable remarks. 



In this section we introduce the notation used throughout the paper and review 
some facts needed to prove the results. 

2.1. Symplectic Manifolds and Hamiltonians. Let be a closed ra- 

tional symplectic manifold and consider an almost complex structure J onW com- 
patible with uj, i.e., such that (^,7?) := J77) is a Riemannian metric on W. 



1 < ^(7) < 2n + 1 - ^ 
< Area{j) < e{M) e, 




2. Preliminaries 
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Recall that {W, oj) is closed if it is compact with no boundary and is said to be 
(spherically) rational if the group 

{[uj],7r2{W)) CR 

formed by the integrals of u over the spheres in W is discrete, that is, 

m,n2{W))=hZ 

where h> 0. When {[lj], tt2(W)) = we set h = oo. The constant h is called the ra- 
tionality constant and it is the infimum over the symplectic areas of all nonconstant 
spheres in W with positive area. More explicitly, 

h:= inf \(iJ,A) : {lo,A) > 0|. 

Denote by ci := ci{W, J) € H'^(W,Z) the first Chern class of W. The minimal 
Chern number of a symplectic manifold (VF, w) is the integer N which generates 
the discrete group (ci,7r2(M^)) C M formed by the integrals of Ci over the spheres 
in W , i.e., 

{cuMW))=N'L 

where N € Z+. When (ci,7r2(W)) = 0, we set N = oo. The constant A'' is given 
explicitly by 

N:= inf {(ci,A): {c„A)>0}. 

A symplectic manifold {W,u)) is called monotone {negative monotone) if the 
cohomology classes ci and [w] satisfy the condition 

for some non-negative (respectively, negative) constant r G K. 
The manifold {W, w) is called symplectically aspherical if 

Notice that a symplectically aspherical manifold is monotone and a monotone (or 
negative monotone) manifold is rational. 

All the Hamiltonians H on W considered in this paper are assumed to be com- 
pactly supported and one-periodic in time, namely, 

H: xW ^R, 

where = M/Z, and we set Ht = H{t,-) for t € S^. The Hamiltonian vector 
field Xh of H is defined by ix^w = —dH. The time-one map of the flow of the 
Hamiltonian vector field Xfj is called a Hamiltonian diffeomorphism and denoted 
by (fH- 

The composition (pjj o (p*j^ of two Hamiltonian flows is again Hamiltonian and it 
is generated by K#H where 

{K#H)t:=Kt + Hto{<p],)-\ (2.1) 

In general, K^H is not a one-periodic Hamiltonian. However, K^H is one-periodic 
if Hq = = Hi. This condition can be met by reparametrizing the Hamiltonian as 
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a function of time without changing the time-one map. Thus, in what foUows, we 
will usually treat K^H as a one-periodic Hamiltonian. 

The Hofer norm of a one-periodic Hamiltonian H is defined by 



The Hamiltonian diffeomorphism ip^ is said to displace a subset U of if 

(PH{u)nu = (d. 

When such a map exists, we call U displaceable and define the displacement energy 
of U to be 

e{U) := inf{||iJ||: ipn displaces U} 
where 1 1 • 1 1 is the Hofer norm. 

2.2. Capped Periodic Orbits and Floer Homology. Let x: W he a 

contractible loop with capping u: — W, i.e., u\gD^ — x. Two cappings u and 
V oi X are called equivalent if the integrals of uj and of Ci over the sphere obtained 
by attaching u to w are both equal to zero. For instance, when W is symplectically 
aspherical, all cappings of x are equivalent. A capped closed curve x is, by definition, 
a closed curve x equipped with an equivalence class of cappings. 

2.2.1. Hamiltonian Action and the Mean Index. The action functional of a one- 
periodic Hamiltonian 77 on a capped closed curve x = (x, u) is defined by 



The space of capped closed curves is a covering space of the space of contractible 
loops and the critical points of the action functional are exactly the capped one- 
periodic orbits of the Hamiltonian vector field X^j. The action spectrum S{H) of 
H is the set of critical values of the action. 

A (capped) periodic orbit a; of _ff is said to be non-degenerate if the linearized 
return map 



has no eigenvalues equal to one. Note that capping has no effect on degeneracy or 
non-degeneracy of x. 

Using a trivialization of x*TW arising from the capping of x, the linearized flow 
along X 



can be viewed as a symplectic path $: [0,1] — ?> Sp(2n). The mean index of x is 
defined by A(a;) := A($); see Definition 5.3. When we need to emphasize the 
role of i?, we write A// (a;). A list of properties of the mean index can be found in 
section 5. In general, the mean index and the action depend on the equivalence 
class of the capping u of the loop x. More concretely, let A be a 2-sphere and denote 
by the recapping of x by attaching A. Then we have 




(max Ht — min Ht 
w w 




d^'H-T^(o)W '^T,(t)W 
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2.2.2. Conley-Zehnder Index and Floer Homology. Consider a non-degenerate path 
$: [0, 1] Sp(2n), i.e., such that ^(l) has no eigenvalues equal to one. We denote 
by /^cz(*i') the Conley-Zehnder index of $. For a non-degenerate capped closed 
orbit X = {x,u), its Conley-Zehnder index is given by the Conley-Zehnder index of 
the symplectic path $ obtained from the linearized flow dip^jj and a trivialization 
arising from the capping u. Up to a sign, it is defined as in [Sa, SZ] and we use the 
normalization such that Hczi^) = when ai is a non-degenerate maximum (with 
trivial capping) of an autonomous Hamiltonian with small Hessian; cf. [GGl]. 

We have the following relation between the Conley-Zehnder and mean indices 
for non-degenerate paths and orbits; cf. [SZ]: 

|A($) - /icz($)| < ?^ and hence \A{x) - ficzix)\ < n. (2.2) 

Let us recall the definition of the Floer homology for a non-degenerate Hamilto- 
nian H. The Floer chain groups are generated by the capped one-periodic orbits 
of H and graded by the Conley-Zehnder index. The boundary operator is defined 
by counting solutions of the Floer equation 

du ^ , .du TT , 

^ + J*(K)^ = -Vi^*(") 

with finite energy. Floer trajectories for a non-degenerate Hamiltonian H with 
finite energy converge to periodic orbits x and y as s — ±cx) and satisfy 

E{u) ^ Ah{x) - Aniv) ^ / dtds. 

J-ooJs^ 

The boundary operator counts Floer trajectories converging to periodic orbits y 
and X as s — > ±oo and satisfying the condition [(capping of a;)#u] — [capping of y\. 

This construction extends by continuity from non-degenerate Hamiltonians to 
all Hamiltonians; see [Sa, SZ] for more details. 

Remark 2.1. The total Floer homology is independent of the Hamiltonian and, up 
to a shift of the grading and the effect of recapping, is isomorphic to the homology 
of W . More precisely, we have 

HF,{H) = H,+^{W)®K 

as graded A-modules; see, for instance, [GG3, MS] and references therein for details 
on the definition of the Novikov ring A. In particular, the fundamental class \W] 
can be viewed as an element of HFn{H). 

Remark 2.2. To ensure that the Floer differential is defined, throughout this paper 
we either assume W to be weakly monotone (see, e.g. [HS, MS, On, Sa]) or utilize 
the machinery of virtual cycles (see, e.g., [FO, FOOO, LT]). In our main result, 
one of the possible conditions on W is negative monotonicity. In this case, M/^" is 
weakly monotone if and only if > n — 2, where N is the minimal Chern number. 

2.2.3. Filtered Floer Homology and Homotopy. Let us recall the definition of the 
filtered Floer homology for a non-degenerate Hamiltonian H. The (total) chain 
Floer complex CF^,{H) =: C'f!^~°°'°°\h) admits a filtration by M. For each b e 
(— oo, oo] outside S{H), the chain complex CF^ °°'''\h) is generated by the capped 
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one-periodic orbits of H with action Ah less than h. For —oo<a<b<oo outside 
S{H), set 

CFi''^''\H) := CFt^'''\H)/CF^-°°'''\H). 
The boundary operator d: CF^{H) CF,_i(iJ) descends to Cf!;'''''\h) and 
hence the filtered Floer homology HF^""'^^ (H) is defined. 

This construction also extends by continuity to all Hamiltonians. For an arbi- 
trary (one-periodic in time) Hamiltonian H on W, set 

HF^""''^ (H) HF^"'''^ (H) (2.3) 

where _ff is a non-degenerate perturbation of H and —oo<a<b<oo are outside 
S{H). 

When a < 6 < c, we have CF^''-''\h) = CF^"-'\h)/CF^''-''\h) and thus obtain 
the long exact sequence 

. . . ^ iJFi"-'') (iJ) ^ (ff ) iJFi^''^) (H) ^ (H)^ .... (2.4) 

By definition, a homotopy of Hamiltonians on is a family of (one-periodic in 
time) Hamiltonians i/" smoothly parameterized by s e M and such that iJ^ = 7?° 
when s is near —oo and i?" = when s is near oo; see [Gi2] and references therein 
for the definitions, properties and proofs. 

Set 

E := / maxd.Hfdtds. 

J-ooJs^ w 

For every C > E, the homotopy induces a map of the filtered Floer homology, 
which we denote by ^!h°h^j shifting the action filtration by C: 

^Hom : i/Fi"'''^(i/0) ^ i/Fi"+'^'''+^)(Hi). (2.5) 

Example 2.3. Let be an increasing linear homotopy from iJ'^ and H^, i.e., 

i/^ = (1 - /(s))F° + /(s)ili 

where / : M — > [0, 1] is a monotone increasing compactly supported function equal 
to zero near — oo and equal to one near oo. Since 

E < I max(iJi - i7")di, (2.6) 

we have the homomorphism ^'ji/o^i for every C > /gi max{H^ - H")dt. 

Furthermore, we have the following continuity property for filtered homology: 
let {a^jb^) be a family (smooth in s) of non-empty intervals such that a'' and b'^ 
are outside S{FF) for some homotopy H" and such that (a'*, b'*) is equal to (a°, b°) 
when s is near — oo and equal to (a^,&^) when s is near oo. Then there exists an 
isomorphism of homology 

HF(ao,b„)^jjO-^ ^ i7i^(°i^''i'(i/i). (2.7) 

When the interval is fixed and the homotopy is monotone decreasing, the isomor- 
phism (2.7) is in fact '^'h^h^ which in general is not the case. 
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2.3. Stable Coisotropic Submanifolds and Maslov Index. In this section, 
we give the definition and some properties of stable coisotropic submanifolds. This 
class of coisotropic submanifolds was introduced in [Bol, Bo2] and is defined as 
follows. 

The submanifold M is said to be stable if there exist k one-forms ai, . . . , on 
M such that 

Ker da j D Ker w^v/ for alH = 1 , . . . , fc 

and 

tti A . . . A afc A ujIY^ 7^ on M. 
Notice that this condition is rather restrictive. For instance, a stable Lagrangian 
submanifold is necessarily a torus and a stable coisotropic submanifold is auto- 
matically orientable. Thus, examples of stable coisotropic submanifolds include 
Lagrangian tori and also contact hypersurfaces. Moreover, the stability condition 
is closed under products. For more details, we refer the reader to [Bol, Bo2, Gi2]. 

As a consequence of the Weinstein symplectic neighborhood theorem, we obtain 
tubular neighborhoods of stable coisotropic submanifolds: 

Proposition 2.4 ([Bol, Bo2]). Let M^""'"' he a closed stable coisotropic submani- 
fold of (M^^", w). Then, for r > sufficiently small, there exists a neighborhood of 
M in W which is symplectomorphic to 

Ur = {{q,p) eMxR'': \p\ < r} 

equipped with the symplectic form 

k 

u = ujm + ^d{pjaj) 

where p = {pi, . . . ,pk) are the coordinates in M*^ and \p\ is the Euclidean norm of p. 

Thus, such a neighborhood is foliated by a family of coisotropic submanifolds 
Mp = M X {p} with p £ : = {p G M*^ : |p| < r} and a leaf of the characteristic 
foliation on Mp projects onto a leaf of the characteristic foliation on M. 

Furthermore, we have 

Proposition 2.5 ([Bol, Bo2, Gi2]). Let IvP"^^^ be a stable coisotropic submanifold 
of{W^",uj). Then 

• the leaf-wise metric (ai)^ + . . . + (a^)^ on T is leaf-wise flat; 

• the Hamiltonian flow of p = {pi + . . . + p'^)/2 is the leaf-wise geodesic flow 
of this metric. 

Consider x = (x, u) a non-trivial (capped) periodic orbit of the Hamiltonian 
flow of p. Then, as a consequence of Proposition 5.5, we obtain that the mean 
index Ap(a;) of a periodic orbit a; of a leaf- wise geodesic flow on M is equal to, up 
to a sign, the coisotropic Maslov index of the projection of x on M. More precisely, 

pi7rix),u) = ~Ap{x,u) (2.8) 

where u is the capping of the orbit t:(x) given by the capping u oi x together with 
the cylinder obtained from the projection of x on M; see Figure 1. 
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TT 



Figure 1. Capping u. 

The following result establishes bounds on the Conley-Zehnder index of a small 
non-degenerate perturbation of a capped periodic orbit {x, u) of p which goes be- 
yond (2.2). (Here as above M is stable.) 

Proposition 2.6 ([Gi-3]). Let p' fee a small perturbation of the Hamiltonian p 
defined in Proposition 2.5 and x' a non- degenerate periodic orbit of p' (with a 
capping u' ) close to a non-trivial periodic orbit x of p (with a capping u). Then 

Ap{x, u) ~n < ficz{{x, u)') < Ap{x, u) + {n- k) 

where {x,u)' := (x' ,u'). 

3. Proof of the Main Theorem 

3.1. "Pinned" Action Selector. One of the tools used in the proof of Theo- 
rem 1.3 is an action selector defined for "pinned" Hamiltonians. This tool was 
first introduced in [Kol, KS] for a class of Hamiltonians and manifolds which are 
somewhat different from those we work with. However, the definition of the action 
selector is essentially the same. In this section, we describe this action selector and 
a special orbit associated with it. 

Let be a rational symplectic manifold and U an open neighborhood of the 
coisotropic submanifold M of W. Consider K:W^M.a. compactly supported 
autonomous Hamiltonian such that the neighborhood U contains the support of 
supp K, and U is displaced by a Hamiltonian H. We may assume H is non-negative 
with minimum value equal to zero. Suppose that K is constant on M where it 
attains its maximum value maxiC =: A, the maximum value A is greater than ||i?|| 
and that K is strictly decreasing and C^-close to A on a small neighborhood of M. 

Consider the quotient map j /<- : HFn{K) — > HPi^ ^'^+^^ (^j^-^ g^j^^j define the 
element [max^] as 

[maxx] := jiidW]) 

where the fundamental class [W] is seen as an element of HFn{K); recall Re- 
mark 2.1. 

Definition 3.1 ( "Pinned" Action Selector). For S > small and a > X+S, consider 
the inclusion map 

6„: HF^^-^'^+^^K) ^ HF.^^'^'°'\K). 
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Define 



c(K) := mi infja > \ + 6: /.^([maxifl) = 0|. 
<5>o 



We have c{K) e S{K) and c{K) = Ak{x) for some capped orbit x which is 
called a special one-periodic orbit. 

Claim 3.2. There exists JV e HfI^_^X^''^\k) such that dU = [max^] where 

is the connecting differential in the long exact sequence (2.4) (with a = X — 6, b = 
\ + 6 and c= X + S +\\H\\). 

Proof. For (5 > sufficiently small, namely such that X ~ S > \\H\\, consider the 
following commutative diagram: 

jjp(A+^.A+.-+||H||)(^^ 



Y 



jjp(A-.-,A+^+||if||)(^^^) JL^jjFi^-5,A+^+||H||)(^) 

where l is the inclusion and d is the connecting differential in the long exact se- 
quence (2.4) (with a = X - 5, b = X + S and c= X + S+\\H\\). The maps $ and ^1/ 
are induced by monotone homotopies between K and K^H: the map $ is induced 
by the linear monotone increasing homotopy from K to K^H (recall that H > 0) 
where, in Example 2.3, C = \\H\\; the map ^' is induced by the linear monotone 
decreasing homotopy from K^H to K where, in (2.5), C = 0. 

Since ipn displaces supp K, the one-periodic orbits of K^H are exactly the one- 
periodic orbits of H and moreover S{K^H) = S{H); see [HZ]. Then the map Q 
is an isomorphism induced by a linear monotone homotopy between K^H and H 
due to the continuity property (2.7) of filtered homology. 

Note that the vertical part of the diagram, which consists of the maps d and i, 
is part of a long exact sequence as in (2.4). 

Consider the projection 

in - HF{H) HF^^-^^^+^+\\"\\\H). 

and the image 

jHim) ^ hf^^^-'^^+'+\\"\\\h) 

of the class [W] G HF„{H). Since 

A-<5> 
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we have 
and hence 

jjp(A-5.A+5+||ff||)(^^ 9 *oe-i o jh{[W]) = i([niaxK]) = 

where the first equahty follows from the fact that is equal to the image 

o $ o of the class [W] seen as an element of HFn{K) and the map j is the 

projection 

j: HFJK) ^ HFI^-^-\\"\\-'^+^\K). 

Then 

and, since b and 5 are part of a long exact sequence, it follows that there exists 
AAeHFi^+/''^^+ll^ll'(if) such that 

aAA- [maxK] e m^^-^^^+^\K). 

□ 

Consider a small non-degenerate perturbation K' : x W ^ W of K with 
max if' — X and such that 

^^jao.ai)^^^ := HF!^''°''''\K') (3.1) 

with ao,ai ^ 5(i4r), 5(7^'); recall definition (2.3). 

Consider the class [max/^/] :— jK'{[W]) G HF^ ^^^+^) (^j^i'^ ^^^^ define 

c(K') := inf infja > X + 5: /.^([maxK'l) = 0}. 

(5>0 

where i„ : HF^i^^^' ^+^\k') ^ HfI^^'^'°'\k') is the inclusion map. We have 
c{K') c{K) as K' K and c(isr') = Ak'{x') for some capped orbit x' . A special 
one-periodic orbit x' for if' is obtained explicitly the following way: by (3.1) and 
Claim 3.2, we obtain a class [c'] G HF^[^^X^''^\k') such that d[c'] 
Within each chain c' pick a capped orbit with the largest action and then among 
the resulting capped orbits choose a capped orbit x' with the least action. Moreover, 
we have /icz(2;') = n + I. 

Remark 3.3. The orbit x' does not have to be connected with the constant orbit 
{jp,Up) by a Floer downward trajectory. However, there exists a capped orbit y' 
with this property and such that 

The orbit y' is given explicitly by the following construction: take all chains c' 
such that d[c'] = [max^]. Within each chain consider a capped orbit connected to 
{jp,Up) with the least action and among these orbits consider one with the least 
action, y' . 
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For a Hamiltonian K as above, consider a sequence {Kj) such that Kj is as 
K' above and Kj — )■ A' as j — ^ co. By the Arzela-Ascoh theorem, there exists 
a subsequence of special one-periodic orbits Xj which converges to an orbit x of 
K which is called a special one-periodic orbit of K. Recall that c{Kj) — >■ c{K) as 
J — cx) and ficzi^j) ~ n + 1. 

The following results give upper and lower bounds for the action of a special 
one-periodic orbit. 

Lemma 3.4. For a special one-periodic orbit x of K, we have the following action 
upper bound: 

Ak{x) < X+\\H\\. (3.2) 

Proof. Since t([maxx]) = (proved in Claim 3.2), c{K) < A + \\H\\. By the defi- 
nition of the "pinned" action selector, we have c{K) > A. Then the result follows 
immediately from the fact that a; is a carrier of the action selector c. □ 

Lemma 3.5. A capped loop x as in Lemma 3.4 satisfies 

AK{x)-X>e (3.3) 
where e > is independent of K. 

Proof. Consider a sequence {Kj) as above. Let Uj be a Floer downward trajectory 
connecting the orbit yj defined in Remark 3.3 and the constant orbit {-/p,Up). If 
E(uj) is below then we may apply a similar argument to that in lemmas 6.2 
and 6.4 in [Gi2] which draws heavily from [Bof , Bo2] and we obtain 

d < E{uj) = Ak, iVj) - Ak, {%) 

where d > is independent of Kj . Define 

e := max{/i, d\ > 0. 

Then E{uj) = Akj{V]) - Akj{%) > e and, since ARjiVj) < AkjIxj), it follows 
that 

AK,{xj)~X>e. (3.4) 
Then take (3.4) to the limit when j — > oo and we obtain the desired result 

Ak{x) — a > e. 

□ 

3.2. Proof of Theorem 1.3. Fix R such that Ur = M x B'^ is defined by Propo- 
sition 2.4. Consider e > small and < r < R/2. Assume Ur is displaced by 
some Hamiltonian H and consider A > e{Ur). Let K\^r.e'- [0, -R] M be a smooth 
decreasing map such that 

• Kx,r.e > 

• i^A,r,e(0) = A 

• ^A,r,£ is strictly decreasing and C^-close to A on [0, e] 

• Kx_r,e is concave on [e, 2e] 

• K\ r,e is linear decreasing from A — e to e on [2e, r — e] 
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• K\ r,e is convex on [r — e, r] 

• K\r,e = on [r, R]. 

We also denote by K\,r,e the Hamiltonian 



defined by K\^r,e{\p\) on Ub. and equal to zero outside Ur. 

Fix r and consider the family of functions i^A.e depending smoothly on the para- 
meters A and e. These Hamiltonians have the same properties as the Hamiltonian 
K in the previous subsection. 

The key to the proof, as in [Gi3] , is the following result which gives the location 
of a sequence of special one-periodic orbits Xi. 

Lemma 3.6 ([Gi3]). There exists X > sIUr) and a sequence Si — ?> such that a 
special one-periodic orbit of K\^g^ Xi satisfies 



where p — (pi, . . . ,pk) are the coordinates introduced in Proposition 2.4- 

Remark 3.7. In [Gi3], the result of Lemma 3.6 is proved for a class of Hamiltonians 
which is slightly different from the one we work with. However the above lemma 
holds for the same reasons as the result in the referred paper. 

By Proposition 2.5, if we reparametrize Xi and reverse its orientation, then 
can be viewed as a periodic orbit x~ of p. Since the slopes of the Hamiltonians 
K\^si are bounded from above (for instance, by 2A/r), then (by the Arzela-Ascoli 
theorem) we define 

7: = limit of (a subsequence of) {TT{x~),{ii~). 

where iJ.{n{x~),u.r) = -Ap{xY,u^) by (2.8). Then, by (2.2), 

-n < ficziixi, uYY) - A(a;7,w,^) < n 

and hence 



where the first equality uses the fact that xi is in the region where i^A.e is concave, 
i.e., where |p(a::i)| £ [£^,26^] and we obtain the following bounds for the Maslov 
index of (Tx(x~)^Ui'Y 



\p{xi)\ e [e„2e,] 



p.Cz{{Xi,Ui)') 



(n+l) 



1 < n{n{x^ ),Ui)< 2n + l. 
Considering the limit (of a subsequence) of (3.5), we have 



(3.5) 



1 < Kl) <2n + l. 



(3.6) 
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By Proposition 2.4, we obtain 

J Ui 

= Kx,eA^i)- I UJ-\p{Xi)\l{Ax^)) (3-7) 

where Ui is constructed as in section 2.3; see Figure 1. 
Moreover, by (3.2), (3.3) and (3.7), we have 

0<e<Kx^,^ixr)- f oj - \p{xr)\l{Tr{xr)) - X < e{Ur). (3.8) 

Since |p(x~)| e [£^,22^], Kx^g.{x~) G [ei,X — Si] and the sequence 1{it{x~)) is 
bounded (since the slope of i^A.e^ is bounded), then, taking the hmit (of a subse- 
quence) of (3.8), we obtain 

< e < Area(7) < e(C/,.). (3.9) 

Recall that e is independent of e^. Then, taking r > sufficiently small, we have 

< Area(7) < e(A/) + e. 

Hence, we have the desired bounds for the area of 7. To obtain the Maslov index 
bounds as presented in the theorem (which go beyond (3.6)), we will first prove 
that the orbit 7 is non-trivial. Assume the contrary, that is, that 7 is a trivial 
orbit. Then, by (3.9), the capping u of 7 must be non-trivial. Recall that we have 
one of the following conditions: 

• T4^ is negative monotone, 

• e{M) < h, 

• 2n + l<2N. 

Suppose that W is negative monotone. Then, (ci,u) and Area(7) have opposite 
signs. However, by (3.6) and (3.9), they are both positive and we obtain a contra- 
diction. If e{M) < h or 2n + 1 < 2N, we obtain contradictions by the definition 
of the rationality constant h and (3.9) or by the definition of the minimal Chern 
number N and (3.6), respectively. Therefore, 7 is a non-trivial orbit. Further- 
more, there exists a (sub)sequence of non-trivial orbits Xi as in Lemma 3.6 which 
converges to 7. Then, by Proposition 2.6, we have 

-n{TT{xY),u;)-n< ncz{{x~, u'Y) < -fi{n{Xi ),Ut^) + n- k 

- lJ-c7.{{xi,Ui)') =-{n+l) 

where the first equality uses the fact that Xi is in the region where Kx^ei '^^ concave, 
i.e., where |p(a;i)| € [ei,2ei]. Then 

1 < ^{■n{x1),Ui^) < 2n + 1 — fc 

and considering the limit (of a subsequence) we obtain the desired bounds for the 
Maslov index of 7: 

1 < ^(7) <2n + l-k. 
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4. Nearby Existence Theorem 

The theorem given in this section guarantees the existence of periodic orbits for 
a dense set of energy levels in a certain class of rational symplectic manifolds. This 
result is proved for symplectically aspherical manifolds in [Gi2]. The structure of 
our proof is essentially the same as in the referred paper and the necessary changes 
are contained in the proof of Theorem 1.3. 

Let be a closed rational symplectic manifold and consider a map = 
{Fi,...,Fk): W —?' M.'^ whose components Fj are Poisson-commuting Hamilto- 
nians, i.e., {Fi,Fj} = for « 7^ j and satisfy dFi A ... A dFk ^ in Mq where 

Ma :— i^~^({a}), for a G M*^, and Mq is a displaceable coisotropic submanifold of 
W with codimension k. Assume that one of the following conditions is satisfied 

• is negative monotone, 

• e(Mo) < h, 

• 2n + l<2N. 

Then we have the following nearby existence result. 

Theorem 4.1. For a dense set of regular values a € M'"' near the origin, the level 
set Ma carries a closed curve x (with capping uinW) tangent to the characteristic 
foliation Fa on Ma ■ 

Proof. We prove the existence of an orbit (with the required properties) in a level 
Ma arbitrarily close to Mq and the wanted result follows immediately. Consider 
K := f{Fi, . .. ,Fk) where /: M'^ — )■ K is a bump function supported in a small 
neighborhood of the origin in M*^ and such that the maximum value of / is large 
enough. Since the support of / is small, we may assume that the support of K 
is displaceable and all a G supp/ are regular values of i^. Hence the coisotropic 
manifolds Ma are compact and close to Mq when a e M'^ is near the origin. By 
lemmas 3.4 and 3.5, there exists a capped one-periodic orbit of K (in some regular 
level Ma) such that 

max K < Ak{x) < max K +\\H\\ (4.1) 

where H displaces supp K. The capped orbit x can be approximated by non- 
degenerate capped orbits with Conley-Zehnder index equal to n + 1 and hence, 
by (2.2), we obtain 

1 < A{x) <2n+l. 

Since one of the three conditions mentioned above is satisfied, the orbit x is non- 
trivial. Indeed, assume that x is a trivial orbit. Then (4.1) is equivalent to 

< Area(x) < e{M). 

Then using the area and (mean) index bounds on x and assuming one of the above 
three conditions, we obtain a contradiction (following the same reasoning as in 
section 3.2). 

Furthermore, since the Hamiltonian K Poisson-commutes with all Fj, the orbit 
X is tangent to the characteristic foliation Fa on Ala- □ 
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5. Appendix: The Coisotropic Maslov Index is Well Defined 

The objective of this section is to revisit the definition of the coisotropic Maslov 
index and give a direct proof of the fact that it is well defined. As mentioned in 
the introduction, similar notions of index are originally considered in [Gi3, Zi]. 

First, we define the Maslov index of a loop of coisotropic subspaces of (M^",wo) 
where ojq :— dx A dy and {x,y) are the coordinates in M^" = M" x M". Then, we 
define the Maslov index of a capped loop lying in a coisotropic submanifold and 
tangent to the characteristic foliation of the coisotropic submanifold. We start by 
recalling the definition of the mean index given in [SZ]. For its construction, we 
need a collection of mappings given by the following theorem: 

Theorem 5.1 ([SZ]). There is a unique collection of continuous mappings 

p: Sp{V,oj) 

( one for every symplectic vector space V ) satisfying the following conditions: 

• Naturality: If T : (Vi,a;i) — (V2,a;2) is a symplectic isomorphism (that is, 
T*UJ2 = wi then 

for Lf € Sp(l/i,a;i). 

• Product: If{V,uj) ^ {Vi x V2,uJi x UJ2), then 

p{if) = p{ipi)p{ip2) 

for ip £ Sp{V,uj) of the form Lp{zi, Z2) = {^izi, 1P2Z2) where ipi G Sp{Vi,u!i). 

• Determinant: If ip £ Sp(2n) H 0{2n) ~ U{n) is of the form 

then 

p{p) =dei{X + iY) 

• Normalization: If ip has no eigenvalues on the unit circle, then 

Remark 5.2. The map p: Sp(2n) is given explicitly by 

p{ip) := (-1)™° Y\ A™+(^) 

A6(T(i^)nSi\{-i4} 
where cy{ip) is the set of eigenvalues of p, mo is given by 

mo := #{{A, A-i} : A e a{ip) n M"} 

and m+(A) is some multiplicity assigned to an eigenvalue A G — 1, 1}; see page 
1316 in [SZ] for the details of the definition of m^. 

Notice that only the eigenvalues of ip on the unit circle and on the negative real 
axis contribute to p{p). 

Then, the definition of the mean index of a path ^ [0, 1] — ?> Sp(2n) is given by: 
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Definition 5.3 {Mean Index; [SZ]). Let 5* : [0, 1] — > Sp(2n) be a path of symplectic 
matrices. Then choose a function a: [0, 1] M such that /5(4't) = e^^^i^) . The Mean 
index of the path ^ is defined by 

A(*) a{l) - a{0) 

The mean index A has the following properties: 

(1) Homotopy Invariance: A(^') is an invariant of homotopy of ^ with fixed 
end points 

(2) Concatenation: A is additive with respect to concatenation of paths: 

A(v|/)^A(*|[o,,]) + A(vI/|[„,i]) 

where < a < 1 

(3) Loop: A((/j\l>) = A{ip) + A{ipo^) if either (ys or * is a loop 

(4) Naturality: A(T*T-i) = A(*) where T: (V^i, Wi) ^ (Fa, ^2) is a symplec- 
tic isomorphism and \1/ G Sp(Vi,a;i) 

(5) Product: A(^') = A(4'i) + A(^'2) where 'i' £ Sp{V = Vi x V2,uj ui X0J2) 
is given by ^"(21,22) = (*i2:i,*222) where e Sp{Vi,uji). 

The Maslov index of a loop of coisotropic subspaces is given (up to a sign) as the 
mean index of a certain path of symplectic matrices. 

Definition 5.4 {Maslov Index for Coisotropic Subspaces; cf.[Zi]). Consider 

C = {Ct)te[OA] 

an oriented loop of coisotropic subspaces of (]R^",a;o) and 

a path of symplectic linear maps. Recall that a loop C is oriented if one can orient 
the space Ct (continuous in t) so that Co and Ci have the same orientation. Pick a 
path 

* : [0, 1] Sp(2n) satisfying *o Id, *t(Co) = Ct and = Ht (5.1) 

Co/Cg 

and define the real valued index pi: £ — > M by 

fi{C,H) :=-A(M/), 

where £ is the set of loops of coisotropic subspaces of (M^",a;o). 

If the loop C is not oriented, we define the Maslov index fi{C,H) as half of the 
Maslov index of the loop obtained by traversing the initial loop twice. 

Proposition 5.5. The Maslov index given in Definition 5.4 is well defined. 

Proof. We prove this proposition in three steps by considering the following cases: 

(1) C is the constant loop where Ct = Lq is a fixed Lagrangian subspace of 
(K'",c^o) 

(2) C is the constant loop where Ct = Cq is a fixed coisotropic subspace of 

(iR'",wo) 

(3) General case: C is a loop of coisotropic subspaces of (E^", wq). 
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Step 1: Assume, without loss of generality, that C is the constant horizontal loop 
Lo := {{x,y) G M^" : y = 0}. Then consider [0,1] Sp(2n) as in (5.1) and 
notice that since Ct = Lq is Lagrangian, H = 0. For t e [0, 1], we have that fixes 
the lagrangian Lq if and only if it is of the form 

^* % ] where B^Af = A^^Bt- 



a; j 

This path is homotopic to the concatenation of two symplectic paths of the form: 

t' M* ^ \ J t" \ 

= ~ -T \ and = ~ ~T \ 

' \ ^ At ) ' \ Q Ar ) 

where we essentially first travel along with Bt ^ and then, when we reach 

Ai Bo = 

Aj;^ 

we build up Bt from to 

Since has constant eigenvalues, A(^' ) = 0. Hence, by property (2), the 
mean index of 4* is equal to the mean index "i! . 

Suppose that At is diagonalizable, i.e., it can be written in the form 



At = Pt 



(Pt)-' (5.2) 



V (A„), 



= : Dt 

where Pt G Sp(2n) and each block {Aj)t corresponds to an eigenvalue {Xj)t of At 
Then, in this case, 

[ At^ \ J\ D^"^ J \ P^^ 



and, by the naturality property of the map p, we have p(5't) — p(rt) for all t G [0, 1]. 
Claim 5.6. For all t e [0, 1], we have p{Tt) = 1. 

Proof. For the sake of simplicity, we will drop, for now, the subscript t in the 
notation. By Remark 5.2, we have 

p{T) (-1)™« W A"+(^) 

Ae(T(r)nsi\{-i,i} 



(—1)™" Y\ \"^+^^^ 



AG(T(r)nsi\{-i,i} 

ImA>0 



(-1)™° W ^m+(A)-m+(A) (53^ 



Ae(T(r)n5^\{-i,i} 

ImA>0 



20 



MARTA BATOREO 



where (j{T) is the spectrum of F. Recall that only the eigenvalues of F on the unit 
circle and on the negative real axis contribute to p(F). Regarding the eigenvalues 
on , it can be proved, directly from the definition of m_|_, that m+(A) = m+(A). 
Hence, using the notation with the subscript i, we obtain by (5.3) that p{Tt) = 
(_l)(™o)t^ for each t e [0, 1], where 

(mo)t #{{At, Xt'} e a(Tt) : Xt G M"} = #{A* G : A* G R-}. 

The last equality follows from the fact that At is an eigenvalue of Dt if and only if 
At and A^^ are eigenvalues of Ft. Since Df is continuous in t and det(_Dt) 7^ 0, the 
signs of det(Do) and det(Z?i) are the same. The determinant of Dt is given by 

det(A)= n ^* n n 

AtSB- At6R+ AteC\R 

>0 >0 ' 

where the products run over At G cr(Dt). Then the sign of det(Dt) is determined by 
the number (mod 2) of the real negative eigenvalues of Dt and we have (— l)('"o)o = 
(_l)(™o)t for all t G [0, 1]. Since, by (5.1) Dq = Id the result follows immediately. 

□ 

Hence, we have proved that, under the assumption (5.2), pi'^t) = 1 f'^^ a fixed 
t G [0,1]. Since the set of diagonalizable matrices is dense in the set of matrices, 
the result holds for a "general" ^'j. It follows that A(5' ) = and hence we have 
A(*) = 0. 

Step 2: Consider 4* : [0, 1] — > Sp(2n) as in (5.1) and the symplectic decomposition 

of 

M2n ^ (R^^yCo © C^°) ® Co/C^". (5.4) 

Since G Sp(2n), *t(V") = V and *t(Co/C") = Cq/Cq°, the path *t has the 
form 

" (^-Oly 
Ht 

with respect to decomposition (5.4), where V := IR'^"/Co (BCq°. By property (5) of 
the mean index, 

A(*) = A(*|y) + A(i/). 

Since V is symplectic and Cq° is Lagrangian in V, we have by step 1 that A{'^\v) — 
and hence A(^') = A{H). Therefore, the mean index A(^') only depends on the 
mean index of H and the result is proved for case (2). 

Step 3: Let ^: [0,1] — > Sp(2n) be a path as in (5.1) and consider a loop 
<I>: [0,1] — >■ Sp(2n) which depends only on C and satisfies $t(Co) = Ct- Define 
the path ^: [0,1] Sp(2n) by ^t $t"^*i which satisfies ^t(Co) = Ct for all 
t G [0, 1]. By step 2, A('I') = A(i/), where Ht ■ Cq/Cq" Ct/Ct° is given by 

- i(c,/cr°)**i(co/c«) - ^* i(ct/cr")"*- 
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Since <i> is a loop, then by property (3) of the mean index we have A(vl') = 
A($-i*) = A($-i) + A(*) and A{H) = A($-i|,„ + A{H). Hence 

A(«') = A(i?)-A($-i) 

which only depends on H and on $. Since $t only depends on Ct, A(^') only 
depends on H and C. Therefore, the Maslov index /Lt(C, H) := — A(5') depends only 
on the loop C = (Ct) and the linear map H and not on the choice of the path 5* as 
long as it satisfies the properties in (5.1). □ 

We, now, define the Maslov index of a capped loop lying in a coisotropic sub- 
manifold and tangent to the characteristic foliation of the coisotropic submanifold. 

Definition 5.7 (Maslov Index of a Capped Loop). Let (W,uj) be a symplectic ma- 
nifold, A'P'"'^^ a coisotropic submanifold of {W,uS) and T its characteristic foliation. 
Consider x: ^ M a loop in M tangent to F and u : W a. capping of the 

loop X in W. We have the symplectic vector bundle decomposition 

TW\j^j = [TW/TM e TF) ® TM/TT. 

Assume x*TJ- is orientable and hence trivial. Denote by ^ a trivialization of x*TJ-: 

x*TF ^S^ X T^(^a)^. 

Moreover, we have the following isomorphism 

TW/TM = T* J", 

and hence f ® ^* can be viewed as a family of symplectic maps 

St : TW/TM,(o) © 7;(0)-F ^ TW/TM^^^t) ® 

Denote by Ht : {TM/TF)^(q) {TM/TF)^(^t) the holonomy along x. The capping 
u gives rise to a symplectic trivialization, unique up to homotopy, of x*TW. Using 
such a trivialization, the map St Ht can be viewed as a path 

[0,1] Sp(2n) 

which, up to some identifications, satisfies 

*o - Id, *t(T,(o)A/) = T,(t)M and ^tj^^^^^^^^^^^^ = Hf (5.5) 

Define the Maslov index of {x,u) as fi{x,u) :— — A(^'). If a;*rj^ is not orientable, 
we define ii{x,u) as /i(x^,M^)/2 where (x^,u^) is the double cover of {x,u). 

Remark 5.8. By Proposition 5.5, ii{x,u) is independent of the trivialization ^. 
However it may depend on the capping u. We give some properties of the coisotropic 
Maslov index: 

• Homotopy Invariance: fj,{x, u) is invariant under a homotopy of a; in a leaf 
of T. 

• Recapping; /i(x, u^A) — fj,(x, u) -I- 2 (ci. A) where u=ffA is the notation for 
the recapping of (a:, u) by a 2-sphere A. 

• Homogeneity: fj,{x'',u'^) = kfi{x,u) where {x^,u^) is the fc-fold cover of 
{x,u). 
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